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Abstract. We summarize recent work in determining the transition form factor (TFF) of the
neutral pion (pi0 → γ∗γ∗), by solving the non-perturbative Dyson-Schwinger and Bethe-Salpeter
equations. We first study the transition form factor, followed by the rare decay pi0 → e+e−,
which requires the TFF as input. In addition to the aspects of truncation required to compute
the solution, we discuss unexpected behavior in the large Q2 regime (with Q2 the photon
virtuality), and also touch on a path deformation in the complex plane to access the total decay
rate for the rare decay.
1. Introduction
Meson transition form factors are intermediate states of many decay and collision processes. As
experiments continue to reduce statistical uncertainties on such observables, it is important to
match the effort on the theoretical side. To calculate these non-perturbative quantities we are
using the framework of the Dyson-Schwinger and Bethe-Saltpeter equations. We summarize the
calculations described in Refs. [1,2]. These two publications are concerned with the calculation
of the pion transition form factor pi0 → γ∗γ∗ and further leptonic decays of the pion, such as the
rare decay pi0 → e+e−, which poses an interesting case due to a discrepancy between theoretical
and experimental data.
2. Transition form factor pi0 → γγ
The pi → γ∗γ∗ transition matrix element is given by the tensor
Λµν(Q,Q′) = e2
F (Q2, Q′2)
4pi2fpi
εµναβQ′αQβ , (1)
with incoming and outgoing photon momenta Q′ and Q, the pion’s electroweak decay constant
fpi ≈ 92 MeV and the electromagnetic charge e. The transition is described by a single scalar
function, called a transition form factor (TFF), depending on virtualities of the two photon
momenta F (Q2, Q′2), and the convention of prefactors is chosen such that F (0, 0) = 1 in the
chiral limit, constrained by the Abelian anomaly. Besides the on-shell point the form factor is
evaluated in different kinematic regions, see Fig 1 (b). The so called singly virtual or asymmetric
limit (one photon on-shell Q′2 = 0 and one off-shell Q2 6= 0) is the quantity measured in most
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Figure 1. Transition form factor (pi0 → γ∗γ∗) : (a) transition matrix element, (b) kinematic
domains in Q2 and Q′2 including the symmetric and asymmetric limit. The dotted lines indicate
the vector pole locations. (c) Result for the on-shell transition form factor in the symmetric and
asymmetric limit. Here we use ω = (Q2 −Q′2)/2 and η+ = (Q2 +Q′2)/2.
experiments. The symmetric limit (Q2 = Q′2) is the kinematic region needed as an input
for the decay into a di-lepton pair pi0 → e+e−. These are both contained in the space-like
domain (Q2 > 0 , Q′2 > 0). The time-like region (Q2 < 0 , Q′2 < 0) is probed e.g when
evaluating the pion Dalitz decays pi → γe+e−, pi0 → 2e+2e−. This region contains the physical
singularities such as vector meson poles which make the evaluation of the form factor in this
region challenging.
2.1. The triangle diagram
In the impulse approximation, the transition form factor pi0 → γ∗γ∗ is given by, Fig. 1 (a)
Λµν = 2e2 Tr
∫
d4k
(2pi)4
S(k+) Γpi(k,∆)S(k−)Γµ(r−,−Q)S(k + Σ) Γν(r+, Q′) , (2)
where Σ = (Q2 +Q′2)/2 is the average photon momentum, ∆ = Q−Q′ the pion momentum, k
is the loop momentum, k± = k±Σ/2 and r± = k+ Σ/2±∆/4. The trace in Eq. 2 is over Dirac
indices only and the factor 2 in front of the diagrams is a symmetry factor. The ingredients
of the triangle are obtained by numerically solving Dyson-Schwinger (DSE) and Bethe-Salpeter
equations (BSE).
The internal lines in the triangle diagram Fig. 1(a) are quark propagators S. Those include
effects of dynamical mass generation due to dynamical breaking of chiral symmetry and we
calculate them solving their corresponding DSE. The pion bound-state composed from two
quarks is described by the pseudoscalar Bethe-Salpeter amplitude Γpi (yellow half circle). Both
elements are described by scalar functions times their tensor structure in Dirac, color and flavor
space. The quark propagator is described by two tensor structures, while the pion has four. The
quark-photon vertex Γµ fulfills an inhomogeneous Bethe-Salpeter equation and is decomposed
into twelve tensor structures. These can be split into a transverse and non-transverse part,
the so-called Ball-Chiu vertex [3]. The transverse part of the vertex contains vector meson
states. Thus by properly solving the BSE for the vertex, vector-meson-dominance effects are
automatically incorporated into our approach.
Furthermore it should be mentioned that DSE/BSE’s can not be solved without truncating
the equations. In context of the form factor calculation we used the so called rainbow-ladder
truncation and the Maris-Tandy model [4] with parameters Λ = 0.74 GeV and η = 1.85 ± 0.2.
Furthermore the input quark mass is mq = 3.57 MeV at a renormalization point of µ = 19 GeV.
The pion mass and decay constant we obtain are mpi0 = 135.0(2)MeV and fpi0 = 92.4(2)MeV.
2.2. Results
With all the building blocks as described in the previous section we were able to determine
the form factor in the space-like domain as well as in a small region into the time-like area
(Q2 > −m2pi). The result for the form factor in the asymmetric and symmetric limit are shown
in Fig. 1 (c). At the on-shell point we obtain a value of F (0, 0) = 0.996, which is close to
the anomaly constraint of F (0, 0) = 1 in the chiral limit. A direct calculation is however only
possible in a restricted kinematic region, because of singularities in the quark propagator. For
on-shell pion momentum we are limited to values Q2 . 4 GeV2 in the asymmetric limit. To
calculate the form factor in the whole space-like plane we applied a technique briefly touched
up on in section 4. With this we were able to provide a fit for the form factor in the whole
space-like domain, which is given in Ref. [2], Eq. (12).
3. Rare decay
The two-body decay of the neutral pion into a di-lepton pair (pi → e+e−) poses an interesting
puzzle, as the current theoretical estimates show a discrepancy with the experimental result
from the KTeV E799-II experiment at Fermilab [5,8] at the order of 2σ. The experimental value
for the branching ratio is B(pi0 → e+e−) = (6.87 ± 0.36) × 10−8, after reanalysis subtracting
radiative corrections [6, 7].
To lowest order in QED the process is described by the one-loop Feynman diagram,
Fig. 2(b), which includes the transition form factor F (Q2, Q′2) as the only non-perturbative
input (indicated in yellow). The corresponding normalized branching ratio is given by
R =
B(pi0 → e+e−)
B(pi0 → γγ) = 2
(
mαem
pimpi
)2
β(t0) |A(t0)|2 , (3)
with t = ∆2/4 , β(t) =
√
1 +m2/t stems from the two-body phase-space integration and
B(pi0 → γγ) = 0.988. The scalar amplitude A(t) is the averaged and spin-summed matrix
element, which must be evaluated at the on-shell pion point t0 = −m2pi/4.
After taking traces the result reduces to
A(t) = 1
2pi2t
∫
d4Σ
(Σ ·∆)2 − Σ2∆2
(p+ Σ)2 +m2
F (Q2, Q′2)
Q2Q′2
. (4)
This integral has poles in the integration domain and thus cannot be naively integrated. A
common technique to work around problems of such kinds is the use of dispersive methods (see
e.g. [8, 9, 12] ). Another way to circumvent the problem is path deformation in the complex
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Figure 2. Rare decay of the neu-
tral pion pi0 → e+e−: (a) Com-
parison of the latest experimental
results [5, 6] and theoretical calcu-
lations [5–11]. (b) Feynman di-
agram to Eq. 4, the yellow half-
circle denotes the pion transition
form factor F (Q2, Q′2), as only non-
perturbative input.
plane. For a chosen value of t one knows the locations of poles and branch cuts in the complex
plane and can thus find a path to navigate around these infinities, such that the Euclidean
integration is possible and not ill-defined. The detailed pole analysis for Eq. 4 and the intricate
integration path can be found in [1], Section IV B.
We calculated the branching ratio using both methods. For the direct calculation we obtain
a branching fraction of B(pi0 → e+e−) = 6.22(3)×10−8 which compares very nicely to our result
reached when using dispersion relation B(pi0 → e+e−) = 6.21(3)× 10−8. We are furthermore in
agreement with previous theoretical predictions, see overview Fig. 2(a) and thus a 2σ discrepancy
to the experimental value remains. With this we are able to provide a valuable cross check for
previous calculations using dispersive tools [8–11].
4. Large Q2-behavior
The latest two experimental measurements for the singly-virtual form factor [15,16] have stirred
considerable interest in the large-momentum behavior [17–37], with the result from the BaBar
collaboration suggesting a deviating from scaling. Within the DSE/BSE framework, the large-
momentum behavior of the TFF has been studied previously in Refs. [18, 35, 36]. We employed
a different technique to calculate the form factor in the whole space-like domain and also take
into account physical singularities stemming from vector meson dominance, a genuinely non-
perturbative effect [1].
For off-shell kinematics the form factor is a function of three Lorentz invariants, such as
{Q2, Q′2, Q ·Q′}, and can be calculated up to arbitrary high space-like values in Q2, Q′2 without
crossing any singularity in the integrand. We thus calculate the off-shell form factor and exploit
a fit to the physical point constrained by the vector-meson-pole, see [1] for details. The result for
the form factor up the experimentally measured momentum range is displayed in the left panel
of Fig. 3 and describes the experimental data well. The right panel shows the singly-virtual
form factor at asymptotically large momenta beyond the region where experimental data exists.
Here we observe a continued rise until the curve plateaus to its asymptotic behavior at around
102 − 103 GeV2. The error-band comes from a conservative variation of the fit parameters.
As compared with the well-know Efremov-Radyushkin-Brodsky-Lepage (ERBL) scaling
limit [38,39], which is an asymptotic-QCD prediction, our result agrees in case of the symmetric
limit (Q2 = Q′2), but for the asymmetric case exceeds their prediction. We have checked
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Figure 3. Weighted on-shell transition form factor F˜ (Q2, Q′2), as defined in the upper
right corner of figure. The blue band shows the result in the asymmetric limit compared to
experimental data [13–16], and the dashed line is the form factor in the symmetric limit. The
error band comes from a variation of fit parameters.
explicitly that discarding the vector-meson pole constraints leads to a recovery of the ERLB
limit. The discrepancy still has to be understood.
5. Conclusion
We have summarized recent calculation of the neutral pion TFF using the Dyson-Schwinger and
Bethe-Salpeter equations. Generally the results show good consistency with existing theoretical
and experimental determinations.
For the decay into a di-lepton pair (pi → e+e−) we confirm the previous theoretical calculation
with a branching ratio of B(pi0 → e+e−) = 6.22(3) × 10−8, leaving a 2σ discrepancy to the
experimental value. We were able to provide a cross-check for previous theoretical calculation
through using a different method to solve the integral.
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